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ABSTRACT: The entropy and the attractor equations for static extremal black hole solutions
follow from a variational principle based on an entropy function. In the general case such
an entropy function can be derived from the reduced action evaluated in a near-horizon
geometry. BPS black holes constitute special solutions of this variational principle, but
they can also be derived directly from a different entropy function based on supersymmetry
enhancement at the horizon. Both functions are consistent with electric/magnetic duality
and for BPS black holes their corresponding OSV-type integrals give identical results at
the semi-classical level. We clarify the relation between the two entropy functions and the
corresponding attractor equations for N = 2 supergravity theories with higher-derivative
couplings in four space-time dimensions. We discuss how non-holomorphic corrections will
modify these entropy functions.
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1. Introduction

An important feature of (static) extremal black hole solutions is that scalar fields (often
called moduli) tend to fixed values at the horizon determined by the black hole charges.
These values are independent of the asymptotic values of the fields at spatial infinity. This
fixed point behaviour is encoded in so-called attractor equations, which, in the generic case,
can be understood from the field equations associated with the reduced action taken at a
Killing horizon. The attractor equations are a crucial ingredient in comparing the macro-
scopic (or field-theoretic) black hole entropy with the microscopic (or statistical) entropy
of a corresponding brane configuration. This and corresponding aspects of the relation
between classical and quantum black holes have been studied extensively in the context of
N = 2 supergravity in four space-time dimensions. Especially for BPS black holes many
important results have been obtained. The inclusion of higher-derivative interactions into
the effective actions often played a crucial role. For BPS black holes the attractor equations
can be understood entirely from supersymmetry enhancement at the horizon. Obviously
they must correspond to special solutions of the more general attractor equations based on
a reduced action.

In this paper we study the relation between the more general attractor equations and
the BPS attractor equations for static extremal black holes in four space-time dimensions.
This can be done conveniently in terms of corresponding entropy functions that form the
basis of an underlying variational principle. In the presence of higher-derivative actions it
is very difficult to explicitly construct black hole solutions. However, by concentrating on
the near-horizon region one can usually determine the fixed-point values directly without
considering the interpolation between the horizon and spatial infinity. This approach was



first applied to BPS black holes without higher-derivative interactions in [f]-§ and then
with higher-derivative interactions in [ —[Ld]. It was also applied to non-BPS extremal black
holes in [f, fl, [3—B0. In the presence of higher-derivative interactions full interpolating
solutions have been studied for BPS black holes in [[L1, B]-B3].

For N = 2 BPS black holes with higher-derivative interactions the attractor equations
follow from classifying possible solutions with full supersymmetry [[I]. As it turns out
supersymmetry determines the near-horizon geometry (and thus the horizon area), the
values of the moduli fields in terms of the charges and the value of the entropy as defined
by the Noether charge definition of Wald [B4]. For more general extremal black holes the
analysis is more subtle and makes use of an action principle [[3]. When dealing with
spherically symmetric solutions, one can integrate out the spherical degrees of freedom and
obtain a reduced action for a 14 1 dimensional field theory. This action still describes the
full black hole solutions. Under certain conditions the fixed values at the horizon can be
obtained by considering the reduced action in a 1 4+ 1 dimensional near-horizon geometry
which has an enhanced symmetry (usually one has AdSy). Near the horizon other fields
respect this symmetry as well (when the enhanced symmetry is maximal the fields are all
covariantly constant), so that the two-dimensional integral in the reduced action can be
dropped and one obtains a potential depending on variables that specify the values of the
fields at the Killing horizon. Actually the number of relevant variables can often be reduced
already at an earlier stage by imposing some of the equations of motion at the level of the
interpolating solution, but this represents no problem of principle.

This paper is organized as follows. In section J| we consider the entropy function,
both in the reduced action approach of [[J] and in the context of BPS black holes (the
latter for the case of N = 2 supergravity based on [, [J]). We discuss those features that
are relevant for electric/magnetic duality. In section ] we evaluate the entropy function
based on the action of a general N = 2 supergravity theory following [R5, and we relate
it to the BPS entropy function. We display the associated variational equations with and
without higher-curvature interactions. For BPS black holes both entropy functions can be
used in the definition of a corresponding duality invariant OSV-type integral and lead to
identical results at the semi- classical level. In section [| we briefly comment on corrections
to the entropy functions due to other higher-derivative interactions associated with matter
multiplets. We also discuss the modification of the entropy functions by non-holomorphic
corrections.

2. Entropy functions

In this section we will briefly consider the entropy function derived from the action evalu-
ated in a near-horizon geometry for some rather general theory and the entropy function
that pertains to static BPS black holes in NV = 2 supergravity in four space-time dimen-
sions.

2.1 The reduced action and the entropy function

When considering spherically symmetric solutions one may integrate out the spherical de-



grees of freedom. This leads to a reduced action, which we consider here for a general
system of abelian vector gauge fields, scalar and matter fields coupled to gravity. The ge-
ometry is then restricted to the product of the sphere S? and a 141 dimensional space-time,
and the dependence of the fields on the S? coordinates 6 and ¢ is fixed by symmetry argu-
ments. For the moment we will not make any assumption regarding the dependence on the
remaining two cooordinates r and t. Consequently we write the general field configuration
consistent with the various isometries as

d32(4) = gudatdz” = d82(2) + v <d92 +sin” 4 dcp2> ,

I
F.t=e, ng,[ = Z—ﬂ sinf. (2.1)

Here the F; WI denote the field strengths associated with a number of abelian gauge fields.
The 6-dependence of Fgwl is fixed by rotational invariance and the p! denote the magnetic
charges. The latter are constant by virtue of the Bianchi identity, but all other fields
are still functions of r and ¢. As we shall see in a moment the fields e/ are dual to the
electric charges. The radius of S? is defined by the field vy. The line element of the 1 + 1
dimensional space-time will be expressed in terms of the two-dimensional metric g;;, whose
determinant will be related to a field v; according to,

v =/]gl. (2.2)

Eventually g;; will be taken proportional to an AdS; metric,
2 - i1, 2 142 dr?
ds®(9) = gij dz'dz :v1<—r dt +7“—2) (2.3)

In addition to the fields e, v; and vy there may be a number of other fields which for the
moment we denote collectively by ug.
As is well known theories based on abelian vector fields are subject to electric/magnetic

duality, because their equations of motion expressed in terms of the dual field strengths,!

oL
G,uzx[ =V |g| Euvpo W ) (2'4)
po

take the same form as the Bianchi identities for the field strengths FWI . Adopting the
conventions where x# = (t,7,0, ¢) and €46, = 1, and the signature of the space-time metric
equals (—,+, +,+) as is obvious from (R.3), it follows that, in the background (.1),

) oL .
Gop1 = —v1v2 sinf 8F—ﬁf = —vyv9 Sin @ Dol
Gri1 = —v109 sin 8?—; = —4mwv1v9 g—pﬁl . (2.5)

'Here and henceforth we assume that the Lagrangian depends on the abelian field strengths but not on
their space-time derivatives. This restriction is not an essential one. In case that the Lagrangian contains
derivatives of field strengths, one replaces the derivative of the Lagrangian in (@) by the corresponding
functional derivative of the action. We also assume that the gauge fields appear exclusively through their
field strengths.



These two tensors can be written as gy sinf/(4n) and f;. The quantities ¢; and f; are

conjugate to p! and e, respectively, and can be written as

QI(e7p7vau) = _47[”01(02@ )
oL
f[(e,p,U,U) = —d4r V1V2 8—]91 . (26)

They depend on the constants p! and on the fields ef, v12 and uq, and possibly their
t and 7 derivatives, but no longer on the S? coordinates # and ¢. Upon imposing the
field equations it follows that the ¢y are constant and correspond to the electric charges.
Obviously our aim will be to obtain a description in terms of the charges p’ and gz, rather
than in terms of the p! and e’.

Electric/magnetic duality transformations are induced by rotating the tensors F; WI and
G 1 by a constant transformation, so that the new linear combinations are all subject to
Bianchi identities. Half of them are then selected as the new field strengths defined in terms
of new gauge fields, while the Bianchi identities on the remaining linear combinations are
regarded as field equations belonging to a new Lagrangian defined in terms of the new field
strengths. In order that this dualization can be effected the rotation betweeen the tensors
must belong to Sp(2n+ 2;R), where n+ 1 denotes the number of independent gauge fields.
Hence this leads to new quantities (', ¢;) and (&', f;), where

pr=U"p"+ 2" g,
qr = Vil qr + Wryp”, (2.7)

and likewise for (e!, f). Here Uy, Vi/, W;; and Z!7 are constant real (n + 1) x (n + 1)
submatrices subject to

Utv —wrtz=viv-z"w =1,
vtw=wtu, Z'v=v'z, (2.8)

so that the full matrix belongs to Sp(2n + 2;R) [BH]. Since the charges are not continuous
but will take values in an integer-valued lattice, this group should eventually be restricted
to an appropriate arithmetic subgroup.

Subsequently we define the reduced Lagrangian by the integral of the full Lagrangian
over S2,

Fle,p,v,u) = /d@dgp Vgl L. (2.9)
We note that the definition of the conjugate quantities q;r and fr takes the form,

oF oF

- _ = 2.10
qr el ' f[ ap[ ( )
It is known that a Lagrangian does not transform as a function under electric/magnetic

dualities. Instead we have [B4],

~ . 1. ./ ~ 1
f(e,p,v,u) + g[equ + f[pl] = f(e,p,v,u) + 5[61(][ + ffpl] . (211)



so that the linear combination F(e,p,v,u) + %[GIQI + frp!] transforms as a function. Fur-
thermore one may verify that first-order partial derivatives (say with respect to u or v, or
derivatives thereof) of F(e,p,v,u) that leave ¢! and p! fixed, transform also as a function.
This result implies that the field equations associated with fields other than the electromag-
netic ones transform covariantly and retain their form when changing the electric/magnetic
duality frame.

It is easy to see that the combination e/q; — frp! transforms as a function as well,
so that we may construct a modification of (P.9) that no longer involves the f; and that

transforms as a function under electric/magnetic duality,
Elg,p,v,u) = —F(e,p,v,u) —elqr, (2.12)

which takes the form of a Legendre transform in view of the first equation (2.10). In this
way we obtain a function of electric and magnetic charges. Therefore it transforms under
electric/magnetic duality according to £(§,p,v,u) = &£(¢,p,v,u). Furthermore the field
equations imply that the ¢; are constant and that the action, [ dtdr &, is stationary under
variations of the fields v and w, while keeping the p! and ¢ fixed. This is to be expected as
£ is in fact the analogue of the Hamiltonian density associated with the reduced Lagrangian
density (2.9), at least as far as the vector fields are concerned.

In the near-horizon background (R.3), assuming fields that are invariant under the
AdS5 isometries, the generally covariant derivatives of the fields vanish and the equations
of motion imply that the constant values of the fields v12 and u, are determined by
demanding £ to be stationary under variations of v and wu,

o€ 0

30 = B 0, qr = constant . (2.13)

The function 27 £(q, p, v, u) coincides with the entropy function proposed by Sen [[J]. The
first two equations of (R.13) are then interpreted as the attractor equations and the Wald
entropy is directly proportional to the value of £ at the stationary point,

Smacro(p, q) X g (2'14)

attractor '

The normalization conventions used for the Lagrangian affect £ and the definition of the
charges and of Planck’s constant. This has to be taken into account when determining
the proportionality factor in (B.14), and we do so in (B.16). In the presentation above we
followed the approach of [[L3], but similar approaches can be found in, for instance, [, f, [L4].
Note that the entropy function does not necessarily depend on all fields at the horizon.
The values of some of the fields will then be left unconstrained, but those will not appear
in the expression for the Wald entropy.

The above derivation of the entropy function applies to any gauge and general co-
ordinate invariant Lagrangian, and, in particular, also to Lagrangians containing higher-
derivative interactions. In the absence of higher-derivative terms, the reduced Lagrangian
F is at most quadratic in e/ and p! and the Legendre transform (R.13) can easily be car-
ried out. For instance, consider the following Lagrangian in four space-time dimensions



(we only concentrate on terms quadratic in the field strengths),
1. - T
V191 £o = =3 W1l { Ny T P07 — Ny B f P (2.15)

where Fﬁl denote the (anti)-selfdual field strengths. In the context of this paper the

tensors FEI = iiF;;I = L(F.! £iFy,!) are relevant, where underlined indices refer to
the tangent space. From (:13), (B:)) and (B-3), we straightforwardly derive the associated

reduced Lagrangian (2.9),
1 {ivlpl(./\_/—N)[JpJ B 4i7T1)2€I(./\7—./\/)[J€J} _ 1

F=7 §€I(N+N)IJPJ. (2.16)

47 vy U1

It is straightforward to evaluate the entropy function (R.12) in this case,

g=_4

(ar = Nixe p™) [(Im N) 1 (g = Nz ph) (2.17)

8T vy
which is indeed compatible with electric/magnetic duality. Upon decomposing into real
matrices, iN7; = pyy — ivyy, this result coincides with the corresponding terms in the
so-called black hole potential discussed in [f, fll, and, more recently, in [[4].

2.2 The BPS entropy function

In the previous subsection the symmetry of the near-horizon geometry played a crucial role.
For BPS black holes the supersymmetry enhancement at the horizon is the crucial input
that constrains certain fields at the horizon as well as the near-horizon geometry. Unlike in
the previous case, the number of attractor equations is clear and is in principle given by the
number of independent supermultiplets. However, the precise nature of these constraints
is not always a priori clear. For instance, in the case of N = 2 supergravity, which we will
be dealing with in more detail in subsequent sections, the requirement of supersymmetry
enhancement allows the hypermultiplet scalars to take arbitrary values, while the value of
the vector multiplet scalars is constrained by the black hole charges.

The N = 2 vector multiplets contain complex physical scalar fields which we denote by
X', In supergravity these fields are defined projectively. At the two-derivative-level, the
action for the vector multiplets is encoded in a holomorphic function F(X). The coupling
to supergravity requires this function to be homogeneous of second degree. Here we follow
the conventions of [[[1]], where the charges and the Lagrangian have different normalizations
than in the previous subsection. However this subsection and the previous one are self-
contained, and the issue of relative normalizations will only play a role in section fJ. There
is one issue, however, that needs to be discussed. In principle electric/magnetic duality is a
feature that pertains to the gauge fields. Straightforward application of such a duality to an
N = 2 supersymmetric Lagrangian with vector multiplets, leads to a new Lagrangian that
no longer takes the canonical form in terms of a function F'(X). In order to bring it into that
form one must simultaneously apply a field redefinition to the scalar and spinor fields. On
the scalar fields, this redefinition follows from the observation that (X7, F;(X)) transforms
as a sympletic vector analogous to the tensors (F, WI , G 1) discussed previously. The need



for this field redefinition clearly follows from the observation that the gauge fields and the
fields X' have a well-defined relation imposed by supersymmetry. When integrating the
rotated version of the F; one obtains the new function F(X) in terms of which the new
Lagrangian is encoded. Therefore, in the following, the duality relation of (X', F7(X)) will
have to be taken into account. We refer to [Bf, B7 for further details and a convenient list
of formulae.

Upon a suitable uniform field-dependent rescaling of the fields, the BPS attractor
equations take a convenient form? which is manifestly consistent with electric/magnetic
duality,

Pl=0, Q;=0, T =64, (2.18)

where
PL=p' +i(y! - v,
Qr = qr +i(Fr — Fy). (2.19)

Here the Y are related to the X' by the uniform rescaling and F; denotes the derivative of
F(Y') with respect to Y. Furthermore Y is a complex scalar field equal to the square of the
N = 2 auxiliary field T, of the Weyl multiplet (upon the uniform rescaling), which is an

anti-selfdual Lorentz tensor. Note that for fields satisfying the attractor equations (R.1§),
one easily establishes that

1Z|* = p'F1 — 1Y, (2.20)
is equal to i(Y!F; — Y ! F}) and therefore real; Z is sometimes refered to as the "holomorphic

BPS mass’ and equals the central charge for the vector supermultiplet system. In terms of
the original variables X7 it is defined as

Z = exp[K/2) (p" Fr(X) — arX7), (2.21)
where
e M =i (XTF(X) - F;(X)XT). (2.22)
At the horizon the variables Y are defined by
YT =explk/2] Z XT. (2.23)

It is possible to incorporate higher-order derivative interactions involving the square
of the Weyl tensor, by including the Weyl multiplet into the function F', preserving its
homogeneity according to

FO\Y,\*T) = F(Y,T). (2.24)
As it turns out [L1] this modification does not change the form of the attractor equa-
tions (R.1§).

The BPS attractor equations can also be described by a variational principle based on

an entropy function [ﬂ, @},

E(K Y’pa q) = f(Y’Y,Ta T) - QI(YI + YI) +pI(FI + FI) ) (225)

2We ignore the hypermultiplets at this stage.



where p! and g7 couple to the corresponding magneto- and electrostatic potentials at the
horizon (cf. [[L1]]) in a way that is consistent with electric/magnetic duality. The quantity
F(Y,Y,Y,T), which will be denoted as the free energy, is defined by

FY, Y, X, Y)=-i(Y'F —Y'F) —2i (YPy — YFy) , (2.26)

where Fy = OF/0Y. Also this expression is compatible with electric/magnetic duality [B7].
Varying the entropy function ¥ with respect to the Y/, while keeping the charges and T
fixed, yields the result,

oY = PLo(Fr + Fy) — Qro(Y! + Y1), (2.27)

Here we made use of the homogeneity of the function F(Y,T). Under the mild assumption
that the matrix

Nij =i(Fry — Fry), (2.28)

is non-degenerate, it thus follows that stationary points of ¥ satisfy the attractor equations.
The macroscopic entropy is equal to the entropy function taken at the attractor point. This
implies that the macroscopic entropy is the Legendre transform of the free energy F. An
explicit calculation yields the entropy formula [,

Sumacro(p,q) = 1% =7 [1212 — 256Im FT] L (2.29)

attractor =—64

Here the first term represents a quarter of the horizon area (in Planck units) so that the
second term defines the deviation from the Bekenstein-Hawking area law. In view of the
homogeneity properties and the fact that Y takes a fixed value the second term will be
subleading in the limit of large charges. Note, however, that also the area will contain
subleading terms, as it will also depend on Y. In the absence of Y-dependent terms,
the homogeneity of the function F(Y) implies that the area scales quadratically with the
charges.

We should emphasize that also other higher-derivative interactions can be present and
those will not be captured by the function F (Y, Y). We will return to this issue in section [

3. Application to N=2 supergravity

We now study the various entropy functions for N = 2 supergravity systems. Following [Rj]
we will first determine the form of the entropy function £. Subsequently we will exhibit its
relation to the BPS entropy function 3. The supergravity Lagrangian consists of various
parts. The most important one concerns the vector multiplets, including the possible effect
from the Weyl multiplet. To this we have to add the Lagrangian for a second compensating
supermultiplet, which we take to be a hypermultiplet. Other choices for the compensating

multiplet (three different choices have been studied in the literature [BY]) are, of course,
possible and should yield identical results. Additional hypermultiplets may also be added,



but play a passive role in the following. The relevant Lagrangian is given by [[[1],

_ _ /1 L
me ' L =iD'F D, X! —iFy Xf<—R - D) SiFpy Yyt Y7~ ZIBU Fa YT

8

1 1 _ -
+ZiFIJ (F I —XI Tw ]e’f”) <F_Jab — ZXJTZ]ab&“ij>

1 L 1 . 1 _ L
——iFy <Fa+bf Ly Tabije”>Tabije” + 51F*“b Far <Fab1 — ZXI Tab”elj>

8 4
Lo~ 1 ik_jlfy. A A Faby L. ij\2
+3iFaC - glFAA(6 €' BijBy — 2F, F~%) — 3—21F(Tabij5 )" +h.c.
1 .. _ 1 1
_§5U Qup DA DHAP + X(ER + §D> , (3.1)

where the last two terms pertain to the hypermultiplets. This expression is consistent
with electric/magnetic duality upon use of the field equations for the vector fields and
the auxiliary fields Y;;! Bd]. The quantities 4;%(¢) denote the hypermultiplet sections,
and x denotes the hyper-Kahler potential. We refrain from giving explicit definitions at
this point and refer the reader to [BY]. The covariant derivatives involve all the bosonic
gauge fields, such as the Lorentz spin connection and the gauge fields associated with
Weyl rescalings and the SU(2) x U(1) R-symmetry. The quantities X7, Fjgl and Y;;!
denote the bosonic components of the vector multiplets, namely, the complex scalars,
the (anti-)selfdual field strengths (defined with tangent-space indices) and the auxiliary
fields, respectively. As we already explained, the anti-selfdual tensor field T,;" belongs
to the Weyl multiplet and defines the lowest component of a scalar chiral multiplet, A=
(T¥ aij)Q, which, upon rescaling yields the field Y introduced earlier. Apart from T,
the bosonic components of the Weyl multiplet comprise the Riemann curvature, the field
strengths of the SU(2) x U(1) gauge fields associated with R-symmetry, and a real scalar
field denoted by D. The quantities BU, F and C denote the other bosonic components of
the scalar chiral multiplet constructed from the Weyl multiplet. For the exact expressions
we refer to [[L1].

The fact that we extracted a uniform factor of 87 from the Lagrangian and the fact
that the charges used in [[L]] differ from the charges introduced in (2.1]) and in (2.9), implies
that the charges p! and ¢; as defined in subsection R.1] should be changed according to:
p! — 47 p! and ¢; — %(JI. This rescaling has been carried out in all subsequent formulae.

The next step is to exploit the spherical symmetry and derive the reduced La-
grangian (2.9). For the space-time metric and the field strengths this was already done
in (R.T). Let us first concentrate on the auxiliary field Top, which plays an important role
in this paper. In a spherically symmetric configuration this field can be expressed in terms
of a single complex scalar w. Following [R5 we define,

Tﬂijz’fij = —iTgfijEij =w, (32)

where underlined indices denote tangent-space indices. Consequently we have A= —4u?

We will have to do the same for all other fields, but we will restrict ourselves to a restricted



class of solutions by putting some of the fields to zero. Namely, at this stage we will assume
the following consistent set of constraints,

R(V)Wij = R(A)W = DMXI =DuA" =0, (3-3)

where the first two tensors denote the R-symmetry field strengths. These constraints are
weaker than the ones imposed in [RJ], and they are in accord with those that follow from
requiring supersymmetry enhancement at the horizon [[LIf]. It is not unlikely that, if one
were to relax these constraints in the evaluation of the reduced Lagrangian, most of them
would still emerge in the form of attractor equations at the end. We will not pursue this
question in any detail.

Since Bij is proportional to R(V)Hyij, this field can thus be ignored as well. Fur-
thermore the auxiliary fields YZ-]'I can be dropped as a result of their equations of motion.
Subject to all these conditions the relevant expressions for C and F;w are as follows,

Ffab — 16 R(M)cdab Tk:lcd Ekl s

C = 64R(M) ™y R(M) 1 — 32T% D, DTy, (3.4)

where R is a modification of the Riemann tensor and the derivatives are superconformally
invariant [[L1]. Under the same assumptions the Lagrangian (B.1) reduces to £ = £1 + Lo,
with

1 1.,
8re Ly = [ZiFuFabI <F‘J“b — 5)(JTW’EW»)

1. . 1.~ _
—3iFr FAI T, i LIV e +h.c.] :
1 1 1
-1 -K
= D—~ “x(D+3
8mre "Ly =e < 6R>+2X< +3R>

1. 1- .
39 [I<F - X!+ §FIJXIXJ> (Tabijew)2 + h-C}
1. A 1. [— fi—ab 1'Afab v i
—|—§ iF,C + §1FAA FabF — ZIF Far X' Ty €ij + h.c.| . (3.5)

In the AdS; background we are left with a restricted number of field variables that are
all constant, namely, v1, va, w, D, ef, X! and A;*. Note, however, that the dependence
on the fields A;* is entirely contained in the hyperkéhler potential y. Our next task is
to evaluate the reduced Lagrangian as a function of these variables. Before doing so,
we should stress that the above Lagrangian (B.1]) was derived from a superconformally
invariant expression. As a result the bosonic quantities are still subject to certain invariance

transformations. One of them is scale invariance with respect to a complex parameter A,
vig — [N 2v1a, w— 2w, D—N*D, X'—=AXT, x—|\%x. (3.6)

All other fields (as well as the charges) are invariant under these scale transformation.
In addition the hypermultiplet sections are subject to rigid SU(2) transformations. The

,10,



reduced Lagrangian and the entropy function should be invariant under these transforma-
tions. Therefore it will be useful to express the entropy function (2.12) computed from the
Lagrangian (B.1) in terms of a set of scale invariant variables. We choose the following set

of such variables,

1 1 9 4 1 U1
YI:ngwXI, T:Ev%sz:—nglwlﬂ‘, U:E,
~ 2
D:v2D+§(U’1—1), X=12X. (3.7)

Observe that Y is real and negative, and that /=Y and U are real and positive. Note also
that the hypermultiplets contribute only through the hyperkéahler potential x.

We now compute the quantities appearing in (B.J) for the near-horizon background
specified in terms of the parameters given above. We obtain (indices i, j refer to the AdSs

coordinates 7, ¢, whereas indices a, 3 refer to S? coordinates 6, ),

R=2(v'-v'),

~ 1 1 1 1 ~
J— |2yl Z( D+ 2 — wl?| s
fi [21)1 4< + 3R> 32]11)] }52 )

- S 1
Fi = —1F0£ = —16w <D + §R> ,
32
C =192D* + §R2 — 16w (v + vy ) + 2wt . (3.8)

With these results we obtain the following contributions to the reduced Lagrangian corre-
sponding to £; and L5 of (B3),

1 _ 1 _
Fi = =Nyy [U leled — Uplp‘]} - Z(FIJ + Frp)elp?

8
1 _ ~
+5ie! [FI 4 Fyy YV 4 8Fev/=TD — h.c.]
1 _ ~
—5Up! [F, — Fyy Y — 8Fev/—TD + h.c.] :
[ (Y'F; —Y!'E))(DU +U —1) + Lo

1 -
U [F —Y'F =20 Py + SF Y'Y - h.c.]
Vi(Fy — Fy) [48(][72 +64D(U —1) +32(U + U —2) — 8(1 + U)\/—T]

. 1 - _
132U [D2TFTT — DY Frev=T - h.c.} . (3.9)
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Observe that these results refer to a general function F(Y,Y). Because of the scale in-
variance, there is no longer a dependence on the field w. Furthermore we used the defini-
tion (R.2§).

The entropy function can be written as

E=&E+&, (3.10)

where & = —F — %GIQI and & = —F,. Note that the factor 1/2 in & is due to the
rescaling discussed earlier. When expressed in terms of p! and ¢, £ reads,

& = %U (Y, Y,p,q) + %U N'"(Q; — FixP®) (Qs — FyP*)
iU [TFT - %YIFI n %FUYIYJ - h.c.}
+8iUDV—T [FITN” (Qy — FrxPE) — h.c.}
—8iUDm[YI Frr — h.c.}
+32U D?Y N (Fry — Fry)(Fyy — Fyy), (3.11)

where Q;, P!, and ¥ were defined already in (R.19) and (R.2§), respectively. Combining
this result with & there are some crucial rearrangements and the result is an entropy
function that is consistent with electric/magnetic duality,

1 _ 1 _
&= JU S(Y,Y,p,q) + §UNU(QI — FrxPX)(Qy — FyPh)

+8IUDV-T [FITN” (Q; — FyPX) — hec.
4 . 1
—\/%_T(YIFI ~Y'F)(DU +U —1) - %DU
~ 1 _ _
—32iU D? [TFTT + 51T N (Frr = Fre) (Fyx = Fr) = hie.
—i(FPy — Fy) [48UD2 +64D(U —1) —2UYT +32(U +U ' —2) = 8(1 + U)V-T| ,
(3.12)

where we used the homogeneity of the function F (Y, Y), which implies
1
F(Y,Y) = §YIF1(Y, T) + YFr(Y,Y). (3.13)

To confirm that the entropy transforms as a function under electric-magnetic duality, one
may make use of the results of [B7]. Subsequently we require that £ be stationary with
respect to variations of D and x. This imposes the conditions (we assume U # 0),

D=0,
G (YIF —YTFy) — 256i(Fy — Fy)(1 —U™1)
X = /T I I T Y
+32iV/—T [FITN”(QJ — FyxPX) —hel. (3.14)

- 12 —



Upon substitution of these equations into (B.13), the expression for £ simplifies considerably
and we obtain,

E(Y,Y,Y,U) = %U »(Y,Y,p,q) + %U NY(Qr — FixPX) (Q) — FyPY)
4i

NE

“i(Fy — Fy) [ —UT + 32U+ U —2) — 8(1 + U)m} . (3.15)

Y'E —Y'F)(U -1)

Although this result is written in a different form and is obtained in a slightly different
setting, it is in accord with the result derived in [25]. The entropy function (B.15) depends
on the variables U, T and Y/ whose values will be determined at the attractor values where
£ is stationary. The macroscopic entropy is proportional to the entropy function taken at
the attractor values,

Smacro(p7 Q) = 2m€ (316)

attractor

In the following, we will discuss the extremization of £ with respect to these variables,
first in the absence of R2-terms, and then for BPS black holes in the presence of R?-terms.
Finally we will consider the general case.

3.1 Variational equations without R?-interactions

In the absence of R?-interactions, the function F' does not depend on Y, so that the entropy

function (B.15) reduces to

_ 1 — 1 =
XY, T,U) = sUE(Y,Y,p,q) + §UNU(QI — FigP¥) (Qs — FyLP")
4i
V="
Varying (B.17) with respect to Y yields

(YIF —YIE) (U -1). (3.17)

U=1. (3.18)

The latter implies that the Ricci scalar of the four-dimensional space-time vanishes. Here
we assumed that (YI Fr-Y'F 1) is non-vanishing, which is required so that Newton’s
constant remains finite. Varying with respect to U yields,
Y+ (Qr - Fix PR) N (Qy — Fy PY) - 8 (Y'F -Y'F))=0, (3.19)
V=1
which determines the value of Y in terms of the Y. This relation is not surprising. When
the function F depends exclusively on the Y/, the quantity Y is related to an auxiliary
field in the original Lagrangian whose field equation is algebraic and (B.19) is a direct
consequence of this equation.
Hence we are now dealing with an effective entropy function

_ 1 _ 1 =
5(Y7Y7 Ta 1) = §E(Y7Y7p7 q) + §NIJ(QI - FIKPK) (QJ - FJLPL) ) (320)
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which is independent of Y, whose value is simply determined by (B.19). Note that (B.20)
is homogeneous under uniform rescalings of the charges ¢; and p! and the variables Y.
This implies that the entropy will be proportional the the square of the charges. Under
infinitesimal changes of Y/ and Y/ the entropy function (B-2Q) changes according to

6 = PLo(Fr+ Fr) — QoY+ Y1)
1 _ _
+5i (Qx — Fxn PMYNKL§F; N (Qf, — Frn PY)
1 _
—51(Qx = Ficn P N*16Fy N7 (Qp — Fuy PY) =0, (3.21)

where §F; = Fr;0Y” and 6F;; = Frjr 6YX. This equation determines the horizon
value of the Y in terms of the black hole charges (p!,q;). Because the function F(Y)
is homogeneous of second degree, we have Fyjx Y™ = 0. Using this relation one deduces

from (B.2]) that (QJ — Fyg PK) Y’ =0, which is equivalent to
\(YIF —Y'F) = p'Fr —qrY". (3.22)
Therefore, at the attractor point, we have
> =iYIF —-YF). (3.23)
Inserting this result into (B.19) yields

by
vV—T 8

T Y+ N (Q — Fix PK) (Qs— FjLPL)”’

(3.24)

which gives the value of T in terms of the attractor values of the Y/. Using (B:24) we can
write the entropy as,

87 hM
attractor - RV -7

Observe that, for a BPS black hole, @ = P/ = 0 and T = —64, so that Spacro =
7 Yl attractor 10 accord with (R.29).
The entropy function (B.2() can be written as

Smacro(pa Q) =2r& (325)

attractor

_ _ 1 _ _
E=—qY'+ Y +p(Fr+ Fy) + §NU(QI — Frep™)(qs — Fyp™) + Ny Y'Y (3.26)

where we used the homogeneity of the function F(Y'). Expressing the Y/ according to (2.23)
(which is consistent with the first equation of (B.7), as we will show below) and using the
definitions (£.21) and (R.22), we write (B.26) as follows,

1 _ _
£=3 (N + 26 X"X7) (¢r — Frep™)(as — Foop") (3.27)
where F7; is now the second derivative of F(X) with respect to X! and X”. Notice that

this expression is invariant under uniform rescalings of the X' by a complex number, which
is a reflection of the complex scale invariance noted above (B.4).

- 14 —



The quantities X! can now be expressed in terms of the physical complex scalars be-
longing to the vector supermultiplets, which we denote by z4, where the index A takes
n values, one less than the number of vector fields. These scalars parametrize the special
Kihler target space. Subsequently we parametrize the X! as a projective holomorphic sec-
tion (i.e. up to multiplication by a complex factor) in terms of the holomorphic coordinates
2. We then use the identity (see the second reference in [B7]),

N = K2 [gAB (4 + 04K (2, 2)) X1 (2) (95 + 05K (2, 2)) X () — X1(2) XJ(z)} ,
i (3.28)

where g% is the inverse metric of the special Kéhler space, and write the entropy func-

tion (B.27) in the well-known form [B, [,
1 5 _
& =5 1222 + 9B (2, 2) DaZ(2.2) DpZ(2.2)] | (3.29)

where DaZ = (04 + 294K)Z. This agreement was also established in [[J]. As mentioned
above, in order to bring the entropy function into the form (B.29), we expressed the Y/
according to (2.23), which is consistent with the definition given in (B.7) by virtue of (8.29).

3.2 BPS black holes with R2-interactions

In the presence of R? interactions, the horizon values of U and Y for extremal BPS black
holes are U = 1 and T = —64 [L1]]. Inserting these values into (B.1§) results in

_ 1 _ 1 -
E(Y.Y,—64,1) = -N(Y,Y,p,q) + 5N” (Qr — Fie PX) (Qs — Fyr PY) . (3.30)

Observe that the variational principle based on (B.30) is only consistent with the one based
on (B.1§) provided that (B.3() is supplemented by the extremization equations for U and
for T given by (B.31) and (B.34) below. For BPS solutions it can be readily checked that
the latter are indeed satisfied.

The form of the BPS entropy function (B.3() is closely related to the one given in [J, [Z],
which consists of the first term in (B.30). As discussed in section R.3, the BPS attractor
equations can be derived by a variational principle based on . The quantity ¥ was also

used in [[19] to construct a duality invariant version of the OSV integral which attempts
to express microscopic state degeneracies in terms of macroscopic data [fil]]. In [1J] it
was furthermore shown that, for large BPS black holes, the evaluation in saddle-point ap-
proximation of the modified OSV integral precisely yields the macroscopic entropy (2.29).
This result was established by computing the second variation of ¥ which, upon impos-
ing the BPS attractor equations Q; = P’/ = 0, equals 62X = 2N;;6Y!6Y 7. Instead
of constructing a duality invariant version of the OSV integral based on X, one can also
consider constructing such an integral based on (8.3(). The presence of the second term
in (B.3() will, however, not affect the evaluation of this integral in saddle-point approx-
imation (for large black holes), since, when evaluating the second variation of £ on the
BPS attractor, the second term contributes the same amount as the first term, so that

52 =822 = 2N 0V 6Y 7.
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3.3 Non-BPS black holes with R%-interactions

In the following, we consider extremal black holes in the presence of R?-terms and we
compute the extremization equations for the fields U, T and Y following from the entropy

function (B.1H).
Varying with respect to U gives

_ 8i - _
£+ (Qr — Fix PX) N (Q) — Fy PY) - V_I_TWIF, YRy
“i(Fy — Fy) [ AT +64(1 - U2 - 16\/?] ~0. (3.31)

To verify the consistency with the analysis of the previous subsection (see (B.3(])), one
may verify that the BPS conditions P! = Q; = 0 and ¥ = —64 leaves only the term
proportional to (1 — U~2)(Fy — Fy) which vanishes as a result of U = 1.

Subsequently we consider the variation of the entropy function (B.15) with respect to
arbitrary variations of the fields Y/ and T and their complex conjugates. Denoting this
variation by § = 6Y19/0Y ! + 6Y10/0Y! + 670/0Y + §T0/0Y, we derive the following
result,

6 = U [PT6(Fr + Fy) — Qré(Y! + Y7

+%iU [(Qk — Fxn PMYN®6F; N75(Qp — Fry PY) — hee!]

—4i(=1)2 U =) [(Fr— F)s(Y +Y") = (YT =YY 6(Fy + Fr)]

|20 T = 32U + U™ 2) +16V=T | §(Pr — Fr)

HU [0Y Pr N (Q) — Fy, P*) —h.c]

—2i(=")32 (U 1) (YIF; - YTFy) 67

Fi(Fy — Fy) [U A=)V (14 U)} 5T | (3.32)
where we took into account that the variable T is real.

Restricting ourselves to variations 6/, the above result leads to the following attractor
equations,

1 _ _
U(Qr—FrP’) - §iU (Qk — Fxne PM) NEF Fpro N9 (Qp — Frn PV)
+4i(=1)"Y2U — 1) [Fy — Fy — Fr (Y7 - Y7)]

i [2UT —RU+U-2) + 16\/—1@ Frr=0. (3.33)

Upon variation of the entropy function with respect to Y the resulting equation is
only covariant with respect to electric/magnetic duality provided the attractor equa-
tions (B.33) are satisfied. However, one can apply a mixed derivative of the form
§ = 0/0y + iFyr N'79/0Y !, which has the property that when acting on a symplectic
function G(Y,Y), then also 6G transforms as a symplectic function [B7]. An alternative
derivation is based on 6 = Y10/0YT + Y19/0YT + 2Y0/0Y, using that Y is real so that

,16,



9/07 acts on both T and Y. Exploiting the homogeneity properties of the various quan-
tities involved, one derives the equation,

US — (Y F — Y1) [U FA(-T)"V2(U - 1)}
+2iU [YFirN'7(Qy — FyPX) — hec]
2i(Fr — Fy) [QUT 4V T+ U)] ~0. (3.34)

Note that the above equations (B.33) and (3.34)) are indeed satisfied in the BPS case. They
are also consistent with electric/magnetic duality.

4. Discussion

In this paper we studied the entropy function for static extremal black holes using the
proposal of [[[3] and we exhibited its relation with the entropy function for BPS black holes
in N = 2 supergravity, derived in [[J]. For BPS black holes these two entropy functions
lead to the same results for the attractor equations and the entropy. This result even
persists in the semi-classical approximation when evaluating an inverse Laplace integral of
the OSV-type [[7].

In this final section we would like to discuss two more issues. The first one deals with
the presence of higher-derivative couplings other than those introduced in section fJ. The
latter are associated with interactions quadratic in the Riemann tensor and are encoded
by the T dependence in the holomorphic function F(Y,Y). Take, for instance, the simple
example based on oo .

Y'Y?Y Y
F(Y’T):_T_CWT' (4.1)
For BPS black holes the attractor equations can be solved for generic charges [[[(], but
solutions only are only consistent when the charges satisfy certain relations in which case
one obtains an explicit expression for the entropy. These relations are not satisfied when
the black hole carries the following non-vanishing charges,

w=p'=Q, p=p=r, (4.2)

with PQ positive. However, in that case [RF], non-supersymmetric black holes are possible
and one can attempt to solve the equations (B.31)), (B.39) and (B.34). Unfortunately explicit
solutions do not exist and one has to resort to perturbation theory in the constant C. To

first order in C, the attractor values read,

YO =1P(14+96CP7?%),
vi=1Q(1+40C P2, U=1-16CP 2, (4.3)
Y2 =Y3=3iP(1+16CP7?), T=-4.
In this order of perturbation theory the corresponding entropy (B.16) is computed by
substituting the tree-level values for U, Y and the Y/ into the entropy function (B.13).

The result reads,
Smacro = 27PQ (1 +40C P7?) . (4.4)
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As was argued in [RJ] this is not the expected value from microstate counting [2, [ij], which
requires a different numerical factor in front of the C' P~2 correction term. However, one has
to take into account that other higher-derivative interactions may be present, associated
with matter multiplets instead, which would in principle contribute to the entropy. Such
higher-derivative interactions have been studied for N = 2 tensor supermultiplets, and,
indeed, it turns out that they lead to entropy corrections for non-supersymmetric black
holes [[f4]. For BPS black holes, however, these corrections vanish. Although a comprehen-
sive treatment of higher-derivative interactions is yet to be given for N = 2 supergravity,
it seems that this result is generic.

These observations are in line with more recent findings [R7, B based on heterotic
string o/-corrections encoded in a higher-derivative effective action in higher dimensions,
which lead to additional matter-coupled higher-derivative interactions in four dimensions.
When these are taken into account, the matching of the macroscopic entropy with the
microscopic result is established [g].

A second topic concerns possible non-holomorphic corrections to the results presented
in section §. The Lagrangian (B.1)) is based on a holomorphic homogeneous function
F(X ,A), which subsequently is written in terms of the variables Y and Y, and corre-
sponds to the so-called effective Wilsonian action. This action is based on integrating
out the massive degrees of freedom and it describes the correct physics for energy scales
between appropriately chosen infrared and ultraviolet cutoffs. In order to preserve phys-
ical symmetries non-holomorphic contributions should be included associated with inte-
grating out massless degrees of freedom. In the special case of heterotic black holes in
N = 4 supersymmetric compactifications, the requirement of explicit S-duality invariance
of the entropy and the attractor equations allows one to determine the contribution from
these non-holomorphic corrections, as was first demonstrated in [[[d] for BPS black holes.
In [, [[J] it was established that non-holomorphic corrections to the BPS entropy func-
tion (2:25) can be encoded into a real function Q(Y,Y,Y,T) which is homogeneous of
second degree. The modifications to the entropy function are then effected by substitut-
ing F(Y,Y) — F(Y,T) + 2iQ(Y,Y,Y,T). There are good reasons to expect that this
same substitution should be applied to the more general entropy function (B.15). Indeed,
when applying this ansatz to heterotic black holes in N = 4 supersymmetric compactifi-
cations, the resulting entropy function is S-duality invariant and can be used to analyze
non-supersymmetric extremal black holes in the same way as was done for the BPS black
holes. In that case Oy (F + 2iQ2) has to be an S-duality invariant function.

Unlike the BPS entropy function (R.2), the entropy function (B.15) was derived di-
rectly from an effective action. Hence one may reconsider the relevant parts of this effective
action given in (B.H), in order to see whether additional changes beyond the substitution
F(Y,T) — F(Y,Y) +2iQ(Y,Y,Y,Y) are needed in order to reproduce the conjectured
non-holomorphic modification of the entropy function. As it turns out only one minor
change is required. Namely, one has to replace the coefficient (F — Fy X' + %F 17 X1X7) of
the (Tupije”)? term in Ly by (AF, — 1 X!+ 1F;X1X7). For a holomorphic function
F(X, A) these two expressions coincide by virtue of (B:13), but when the non-holomorphic
function Q(X, X ,fl,fl) is included, the two expressions will be different. Of course, the
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presence of non-holomorphic terms will affect the supersymmetry of the original action.
Since the non-holomorphic corrections are expected to capture the contributions of the
massless modes, one expects that their supersymmetrization will contain non-local inter-
actions. The construction of such a supersymmetric action is a challenge.
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